2T-gravity in d + 2 dimensions predicts 1T General Relativity (GR) in d dimensions, augmented with a local scale symmetry known as the Weyl symmetry in 1T field theory. The emerging GR comes with a number of constraints, particularly on scalar fields and their interactions in 1T field theory. These constraints, detailed in this paper, are footprints of 2T-gravity and could be a basis for testing 2T-physics. Some of the conceptually interesting consequences of the "accidental" Weyl symmetry include that the gravitational constant emerges from vacuum values of the dilaton and other Higgs-type scalars and that it changes after every cosmic phase transition (inflation, grand unification, electroweak phase transition, etc.). We show that this consequential Weyl symmetry in d dimensions originates from coordinate reparametrization, not from scale transformations, in the d + 2 spacetime of 2T-gravity. To recognize this structure we develop in detail the geometrical structures, curvatures, symmetries, etc. of the d + 2 spacetime which is restricted by a homothety condition derived from the action of 2T-gravity. Observers that live in d dimensions perceive GR and all degrees of freedom as shadows of their counterparts in d + 2 dimensions. Kaluza-Klein (KK) type modes are removed by gauge symmetries and constraints that follow from the 2T-gravity action. However some analogs to KK modes, which we call "prolongations" of the shadows into the higher dimensions, remain but they are completely determined, up to gauge freedom, by the shadows in d dimensions.
Two-Time Gravity [1] in d + 2 dimensions has successfully reproduced the usual one time General Relativity as a shadow in (d − 1) + 1 dimensions. Taken together with similar recent results for the Standard Model [2] and N = 1, 2, 4 supersymmetric 2T field theory [3] [4], these 2T theories correctly describe 3 + 1 dimensional Nature directly in 4 + 2 dimensions. The phenomenologically successful theories now have counterparts in 4+2 dimensions, thus providing a new perspective on the significance of space and time and lending a new outlook on unification of 1T-physics theories.
Briefly, the relation between the 4 + 2 and 3 + 1 theory is as follows. After gauge fixing and solving some kinematic equations of motion, the 4+2 field theory yields various "shadows" in 3+1 dimensions. The "conformal shadow" of the 4 + 2 theories coincide with the standard familiar theories, except for some additional new constraints. These new constraints on 1T field theoryin particular on scalar fields and their interactions -are consistent with everything we know so far. Potentially there are measurable phenomenological consequences of these new restrictions within the conformal shadow that could distinguish 2T-physics from other approaches, as explained at the end of section (II).
In addition, a main novelty in 2T-physics is that this formalism produces many 1T-physics shadows from the same parent theory. The conformal shadow mentioned in the previous paragraph is only one of many. The other shadows provide 1T field theories that are dual to the familiar ones and these may be turned into computational tools for extracting non-perturbative physics. The shadows give different perspectives of the 4 + 2 theory as viewed by observers that are stuck in 3 + 1 dimensions. The different embedding of 3 + 1 dimensions into 4 + 2 dimensions contain moduli that appear in 3 + 1 dimensions as parameters of the 1T shadow theory, such as mass, curvature or interaction with backgrounds, which offer different glimpses of the higher dimensions. Dualities transform shadows with different 3 + 1 geometries or different values of the parameters. The shadows and dualities are most easily understood in the worldline formulation of 2T-physics 2 . While the investigation of dualities in the 1T field theory formalism are ongoing
[5], some of the simpler cases have been reported in [6] for scalar fields and in [7] for Dirac and Yang-Mills fields.
Through the dualities, and through hidden symmetries related to the higher spacetime, the parent theory in d + 2 dimensions provides a new kind of unification of various 1T-physics field theories.
In this paper we will concentrate exclusively on the conformal shadow of 2T gravity in d + 2 dimensions in order to clarify further its geometrical and symmetry properties. Specifically, we will investigate not only the shadow in (d − 1) + 1 dimensions but also its prolongation into d + 2 dimensions. By this we mean that there are Riemann curvature components R M N P Q and other geometrical fields that are non-vanishing not only in the shadow in (d − 1)+1 dimensions but also in d + 2 dimensions. We will show that all such non-vanishing components of the prolongation of the shadow are actually fully determined, up to gauge freedom, by the fields within the shadow in (d − 1) + 1 dimensions.
Concentrating only on the shadow with an effective action principle in (d − 1) + 1 is self consistent as shown in [1] . However, the extension of the shadow into the higher spacetime is likely to be important for discussing the dualities among shadows as well as for grasping the higher d + 2 dimensional properties of the underlying theory.
Another important property of the conformal shadow for gravity in (d − 1) + 1 is that General Relativity comes with a local rescaling Weyl symmetry [8]- [11] , along with a dilaton that compensates for the local rescaling of the metric. This is one of the important restrictions imposed on 1T-physics by 2T-physics, as reported in [1] . The physical effect of this is that the gravitational constant is not a parameter but emerges in 1T-physics from the vacuum value of the dilaton 3 .
A further property associated with the Weyl symmetry is that every scalar field in 1T-physics beyond the dilaton (such as inflaton, Higgs, etc.) must be a conformal scalar that has a special fixed dimensionless coupling to the curvature scalar R. The physical effect of this is that the gravitational constant changes as a function of cosmic time after every phase transition in the universe (inflation, grand unification, etc.). In this paper we will clarify the origin of this important accidental local scale symmetry in the conformal shadow. It will be shown that it emerges as a remnant from symmetry under coordinate transformation (not scale transformations) of the higher dimensional 2T-Gravity.
In section (II) we will briefly review the basic setup of 2T-Gravity, display its reduction to ordinary 1T General Relativity augmented with the local Weyl symmetry, and explain the physically significant constraints that this structure puts on 1T field theory coupled to gravity. The rest of the paper develops the technical aspects of the geometry and symmetries to explain in detail how the reduced 1T theory of section (II) is recovered from 2T-gravity. In section (III) we discuss the kinematics of 2T curved spacetime in d + 2 dimensions. This involves solving the kinematical equations of motion that follow from the 2T-gravity action and working out the general consequences that the geometry of the 2T spacetime is restricted by a homothety condition on the metric. In section (IV) the dynamical and kinematical equations are discussed and their relation to an Sp(2, R) gauge symmetry of an underlying worldline particle theory is explained. In section (V) we show how spacetime in (d − 1) + 1 dimensions is embedded in spacetime in (d + 2) dimensions by making gauge choices and solving the kinematic equations.
This leads to an explanation of the origin of the local scaling symmetry in General Relativity in (d − 1) + 1 dimensions known as the Weyl symmetry. It will be shown that it originates from general coordinate transformations, not from local rescalings, in d+2 dimensions. In section (VI) we calculate the components of the Riemann tensors and of the SO(d, 2) "Lorentz" curvature in tangent space, that describe the geometry of the prolongation of the conformal shadow into the higher dimensions. In section (VII) we discuss in more detail the emerging 1T dynamical equations of motion of both the shadow fields in d dimensions and their prolongations to higher dimensions and show that, up to gauge freedom, the prolongations are completely determined by the shadow fields in d dimensions. This leads to one of our main conclusions, that the shadow fields themselves are determined self consistently by the action only within the shadow in d dimensions, independently of the prolongations, which was one of the goals in our investigation.
II. CONSTRAINTS IN 1T FIELD THEORY INDUCED BY 2T-GRAVITY
In this section we briefly review 2T-gravity to explain the constraints that it induces in 1T field theory, particularly involving scalar fields. We will see that the gravitational constant emerges from the vacuum values of the scalars and that it appears in several places in the action of 1T field theory. The structure of scalars that emerges in 1T field theory, shown in Eq.(2.15) and related discussion, is consistent with current observations but this structure could be one of the future tests for the predictions of 2T-Physics.
2T-Gravity, without any matter, includes three fields which we call the gravity triplet: the metric G M N , the dilaton Ω and another scalar field W, all in d + 2 dimensions X M . The action for pure 2T gravity is [1]
Here R (G) is the Riemann curvature scalar, a is the special constant
while the potential V can only have the form V (Ω) = λΩ 2d d−2 with a dimensionless coupling λ. The overall constant γ can be absorbed away by rescaling the fields, but is used for convenience to normalize the 1T shadow action that emerges in two lower dimensions. The action with this structure of kinetic terms, value of a and form of V is unique under certain local gauge symmetries discussed in [1] .
The unusual features of this action as a field theory include the delta function δ (W ) and its derivative δ ′ (W ) . All fields are varied freely to derive equations of motion or to verify symmetries. The variations contain terms proportional to δ (W ) , δ ′ (W ) , δ ′′ (W ) where more derivatives on δ (W ) or δ ′ (W ) emerge from integration by parts and the chain rule
for each general variation δG M N , δΩ, δW give three equations of motion for each field. We will discuss some of the equations motion later. There are remarkable consistencies between these equations all due to the noteworthy symmetries of this action. This symmetry in field theory captures the essentials of an underlying Sp(2, R) symmetry (see section (IV)) that makes position and momentum X M (τ ) , P M (τ ) indistinguishable at every instant τ at the level of a worldline formulation of a particle in the presence of gravity [1] . The symmetries of the action (2.1) do not allow a gravitational constant in d + 2 dimensions, however Newton's constant emerges in the shadow in d dimensions from the vacuum value of the dilaton Ω when the equations of motion are used to reduce this theory to the conformal shadow. The conformal shadow action derived from (2.1) in [1] ) (see section (VII) for justification) has the familiar form of a conformal scalar
where g µν (x) is the metric in d dimensions, R (g) is its Riemann curvature scalar and a has the special value in Eq.(2.2). The relation of g µν (x) to G M N (X) and of φ (x) to Ω (X) will be displayed below. Suffice it for now to say that (g µν , φ) are the shadows of the higher dimensional fields as seen by observers living in d dimensions. There are no Kaluza-Klein (KK) type physical degrees of freedom, as those are removed by the gauge symmetries of 2T-physics. But there are some analogs to KK modes, which we call "prolongations" of the shadow into the higher dimensions, determined by the shadow fields (g µν , φ) as will be discussed later in this paper.
In the conformal shadow in Eq.(2.3) there is an accidental Weyl symmetry that plays multiple important roles. Due to the special value of a, Eq.(2.3) is the well known action of a conformal scalar that has a Weyl symmetry S
λ(x) φ (x) with an arbitrary λ (x) . The original action in d + 2 dimensions (2.1) does not have a Weyl symmetry, so the symmetry in the conformal shadow appears to be "accidental". Later in this paper it will be explained how this symmetry originates in the coordinate transformations (not in scale transformations) in higher dimensions. Using this local symmetry, φ (x) can be gauge fixed to a constant φ 0 , so that the action (2.3) becomes precisely pure General Relativity in d dimensions
The relation of the shadow (g µν , φ, s i ) to (G M N , Ω, S i ) and their prolongations will be given below.
If there are N real scalars s i in addition to the dilaton φ, then the kinetic and curvature terms have an automatic global symmetry SO(N, 1) , with a SO(N, 1) diagonal metric (−1/a, 1, 1, · · · , 1) as seen in the expression (φ 2 − as 2 i ) R and the kinetic term. This symmetry could be explicitly broken by the potential V (φ, s i ) which is arbitrary except for the homogeneity condition in Eq. (2.6) 7 . The vacuum is determined by the properties of V (φ, s i ) and therefore the gravitational constant and the cosmological constants are now functions of the vacuum values of all the scalars 1 2κ [21] .
An important fact again is the presence of the accidental Weyl symmetry in the action (2.7),
This symmetry persists in the shadow action with additional matter fields when the fermions and gauge fields are included in the 2T action according to Table- 1. The Weyl symmetry can be used to remove the dilatonic Goldstone boson (now a mixture of many fields φ, s i ). The remaining physical scalar fields, after the phase transitions that produce the gravitational constant (2κ
can be neatly described by fixing the Weyl gauge so that the dilaton φ gets determined by the other scalars as follows
This gauge choice reduces the curvature term in Eq.(2.7) to simply R (g) / (2κ 2 d ) , thus conveniently describing gravity after the phase transition in the Einstein frame. However, while this gauge choice is convenient to describe gravity in the traditional setting, the gravitational constant enters in a few other places in the action as described below. In particular, the kinetic term of the scalars in the shadow action (2.7) turns into a nonlinear sigma model for the group SO(N, 1) (see Eq.(2.15)). The scale of the non-linearity in the sigma model is determined by the gravitational constant (2κ Taking advantage of the homogeneity of the potential, and using t = (φ 2 − as
V can be written in the form
In the Weyl gauge (2.12), after replacing the overall coefficient by the constant (φ 2 − as
, and absorbing it into the definition of v (σ i ) , we see that the leftover v (σ i ) is an arbitrary function of the N variables σ i = s i /φ that are invariants under the local scale transformations of Eq.(2.11). Of course at this fixed gauge there are now some scales in the theory, namely the gravitational scale κ d and the other scales s i /φ = σ i generated by phase transitions that follow from the properties of v (σ i ).
The kinetic term of the scalars in the non-linear sigma model can also be written in terms of the σ i or the s i . For example, if we parametrize the N fields as s i = sn i where n i (x) is a unit vector i n i n i = 1 and s (x) is the magnitude of the SO(N) vector s i (x), then we can write
Replacing these forms in the action (2.7) we obtain an ordinary looking General Relativity (after the phase transitions) coupled to an arbitrary 7 potential v (s, n i ) with a non-ordinary kinetic energy term for scalars where the gravity scale κ d appears non-trivially
The last term i ∂n i · ∂n i , with n · n = 1, is a non-linear SO(N) sigma model, while taken together as a whole the scalar kinetic terms form a non-linear SO(N, 1) sigma model coupled to gravity. The scale of non-linearity of the SO(N, 1) sigma model is also determined uniquely by the gravity scale κ d and the constant a given in Eq.(2.2). That the gravitational constant (2κ
should appear in this way in 1T field theory, in addition to the traditional term R (g) /2κ
2 d , is a prediction of the symmetries of 2T-gravity.
Additional places in 1T field theory action where (2κ for Yang-Mills kinetic terms, and the dilaton factor φ Table- 1. In these expressions φ = ± (2κ at the very least the SU(3) ×SU(2) ×U(1) symmetry of the Standard Model, which is possibly embedded in a larger grand unified symmetry group. In this context N is the total number of all the real scalars in the theory besides the dilaton. In the physical applications of these concepts in a complete theory, one would be advised to take advantage of the flavor/color or grand unified symmetry structures in choosing the most convenient parametrization of the SO(N, 1) sigma model.
We see that, in addition to the possibility of a changing gravitational constant after each phase transition, some general constraints have emerged from 2T-Gravity on the structure of scalars in 1T field theory. The constraints described in the above paragraphs, permeate to the shadow 1T field theory in d dimensions, and show up in the couplings among scalars in the kinetic terms, potential energy v (s, n i ) , and gauge bosons and fermions through the factors φ
respectively, thus leaving footprints that observers in the conformal shadow in d dimensions can use to infer properties of the underlying 2T theory. These properties of scalars, including the inflaton and the Higgs, are currently under investigation in cosmological and LHC contexts [21] .
Additional and deeper observable properties of the 2T theory can be obtained by studying the other shadows related to the conformal shadow by duality transformations as in the examples in [6] [7] and their generalizations that are still under investigation [5] .
III. KINEMATICS OF 2T CURVED SPACE IN d + 2 DIMENSIONS
The equations of motion that follow from the 2T-gravity action in Eq.(2.1) and Table-1 can be divided into two categories: dynamical equations and kinematical equations. The dynamical equations are those proportional to the delta function δ (W ) -these provide the dynamics including the field interactions in d + 2 dimensions. The kinematical equations are those proportional to the derivatives of the delta function δ ′ (W ) and δ ′′ (W ). We recall that such derivatives emerge from integration by parts in computing the variation of the action.
A remarkable property of the kinematical equations that will be emphasized below is that they are universal and have a geometrical character. They can be shown to be independent of interactions and they are the same for each field independent of which other fields are included in the action. Although these properties may not be immediately apparent when the kinematic equations are derived from the action, it follows after some rewriting of the equations as seen below. There is an important underlying symmetry for this result, namely Sp(2, R) , which will be discussed in section (IV). The kinematical equations provide the instructions for how to relate the fields in (d + 2) dimensions to the shadows in d dimensions, so their solutions reduce the original 2T theory to various shadows in d dimensions, such as the conformal shadow in Eq.(2.4).
Both the kinematic and dynamical equations for 2T-Gravity were derived from the action in [1] . In this section we deal mainly with the kinematics. For the pure gravity triplet (G M N , Ω, W ) the kinematic equations have the following form
where ∇ is the covariant derivative in the curved space with metric G M N . After contracting the third equation with G M N and taking account of
and find
where the special value of a in Eq.(2.2) is used. Note that the result is independent of the metric, and in particular it is true in flat space for W f lat = X 2 as listed in Table- 1, namely
With this result, the kinematic equations for the gravity triplet (3.1-3.3) simplify to
where the dot products are constructed with G M N and the vector V M or V M is defined as the derivative of W (X)
For this form of V M the expression for
is symmetric. In particular, in flat space all the kinematic equations above are satisfied by
as listed in Table- 1.
The form of the metric in (3.5) that emerged from the 2T gravity action satisfies a special geometric property. By using the definition of the Lie derivative £ V for the vector V, which on a tensor is given by
we can recognize that the form G M N given in (3.5,3.6) is equivalent to writing the following homothety equations for the metric and its inverse
The Lie derivative amounts to a general coordinate transformation of the metric using the vector V M (X) as the parameter of transformation, therefore we can say that under such a transformation the metric yields a factor of 2
The equivalence of the homothety conditions above to the kinematic equations of motion (3.5) that emerged from the action is shown by inserting the Christoffel symbol (3.
After coupling the gravity triplet to any matter as in Table- 1, the kinematic equations initially derived from the action appear to have couplings between the gravity triplet (G M N , Ω, W ) and matter fields [1] . However, after using the kinematic equations for matter as well, one finds that they simplify to the form above (3.5,3.6) regardless of the type of matter they couple to [1] . Furthermore, the kinematic equations for matter fields (S i , Ψ, A M ) also simplify to the following form [1] 
where
is the Yang-Mills field strength, and D M is the Yang-Mills covariant derivative. These equations can also be rewritten as the response to the Lie derivative £ V applied on the corresponding fields of various spins.
It is now evident that all kinematic equations (3.5,3.11) derived from the action (2.1) have a geometrical meaning and they are the same for each field irrespective of the interactions and irrespective of which other fields are included in the action. This is why we call these "kinematic" equations. The deeper significance of this structure is an underlying Sp(2, R) symmetry explained in section (IV).
A. Kinematics of the metric, vielbein and Dirac gamma matrices
The kinematic equations described above required the peculiar homothety condition (3.9) that the metric must satisfy £ V G M N = 2G M N , which in turn requires that the metric must also be constructed from the potential W (X)
This is a nonlinear equation since Γ P M N is constructed from the metric as in (3.7). These equations are solved by choosing gauges and convenient coordinates. Then the solution is expressed in terms of the shadow field g µν (x) in two lower dimensions, and its prolongations, all of which remain arbitrary as far as the homothety condition (3.12) is concerned, as will be discussed below. In this section we develop properties of the curved space described by a metric that satisfies (3.12) without choosing any gauges.
Before imposing the homothety condition (3.12), we recall the well known usual formulation of curved space, with any signature in any number of dimensions. We define a base space and a tangent space. The vielbein that connects the two spaces E 
We introduce the usual affine connection Γ 
(3.14)
The first one ∇ M is covariant when applied on a field with only base space indices, the second one D M is covariant when applied on a field with only tangent space indices and the third onê D M is covariant when applied on a field with both base and tangent space indices. In many expressions we will writeD M and let it be understood that sometimes Γ M or ω M would drop out automatically depending on the field. However, when it becomes useful we will specializeD M to
Using these definitions, the covariant derivative of E a M that is gauge invariant under general coordinate transformations as well as under the tangent space local SO(d, 2) transformations iŝ 
Eq.(3.18) insures that the covariant derivative of the metric vanishesD P G M N = ∇ P G M N = 0, and since ω M drops out it can be written as
Then one can show that the Γ P M N which solves both equations (3.18,3.19 ) is nothing but the usual Christoffel connection constructed from the metric G M N given in Eq.(3.7).
The curvature tensor is constructed just as in Yang-Mills theory from the spin connection ω ab M which is nothing but the Yang-Mills gauge field for the SO(d, 2) local symmetry in tangent space
This Yang-Mills field strength coincides with the standard curvature tensor R P QM N constructed from the affine connection
after converting the base indices to tangent indices
As is well known, the curvature with all lower indices G P K R K QM N = R P QM N is antisymmetric in M ↔ N and separately under P ↔ Q, but is symmetric under the interchange of the pairs MN ↔ P Q, and satisfies the cyclic identity
We now turn to the special kinematics of 2T-physics. The specialty in 2T-physics is that the metric is constructed from the covariant derivative of the vector V M as in Eq.(3.12). Applying the standard formalism above, and imposing the homothety condition (3.12), we obtain the following seven lemmas that describe certain general properties of this special gravitational system that are useful in our work:
where W = V a V a and
This is shown by reconstructing the metric and using the following series of steps to prove that it agrees with Eq.(3.12) as follows
In going from the first to the second line we usedD M E b N = 0 of Eq.(3.18), the rest of the steps are evident. Hence the structure of the vielbein in (3.24) is equivalent to the homothety condition (3.12) on G M N . 
The first form is shown by inserting
The second form follows from the first by replacing tangent indices by base indices, or directly by writing the vanishing torsion in the form
The third form follows from the second by using the identity R P QM N = R M N P Q . The last form follows from converting the P, Q indices to ab indices in the third form. It should be noted that the last form 3. The SO(d, 2) Dirac gamma matrices with base space indices
Here the covariant derivativeD M includes ω ab M because (γ M ) AḂ has spinor indices AḂ in tangent space. To show this result, consider first the tangent space gamma matrices γ a , which are pure constants that satisfy ∂ M γ a = 0. For these the covariant derivative also givesD M γ a = 0 because it reduces to the ordinary derivativê Table- 
This is shown by writing
The ordinary derivative of
Of course, this is in agreement with the fact that W = V 2 and the definition
6. The various fields V a , V M , V automatically satisfy the following kinematic equations
7. The following kinematic property in d + 2 dimensions is automatically satisfied
To show this, first recall that the divergence of any vector
Then use the properties derived in the lemmas above as follows
To get to the last step we have used the property of the delta function
IV. DYNAMICAL AND KINEMATIC EQUATIONS OF MOTION
The dynamical equations of motion derived from the action (2.1), and its generalization from Table-1, are those proportional to δ (W ) for the general variation of every field. The dynamical equations that follow from varying the metric, dilaton and scalars are [1] (neglecting fermions and gauge bosons)
where the stress tensor T M N is
and as usual
These equations are to be solved at W = 0 because of the delta function δ (W ) that multiplies them, but we will at first manipulate them for any W .
We now simplify these equations as follows. Contracting Eq.(4.3) with G M N , we can solve for
Multiply Eqs.(4.1,4.2) by (−Ω/a) , S i respectively, sum over i and add them, to get
In this equation we insert the expression in (4.5) and use the homogeneity of the potential (2.6) to write (
V (Ω, S) , and after some simplifications we obtain
Inserting this back into (4.5) yields
(4.8)
Using both Eqs.(4.7,4.8), the energy momentum tensor in Eq.(4.4) simplifies to
Inserting (4.8,4.9) into (4.3) yields
where S M N (Ω, S i ) is given by
Of course, T M N and S M N are related by
. This is as much as we can simplify the dynamical equations before choosing gauges and imposing W = 0.
We also gather the kinematic equations satisfied by these fields and W as discussed in the previous section, with
A remarkable property is that the variation of the action with respect to W does not give a new equation besides those kinematic or dynamical equations that are obtained from the variation of the other fields. This was explained [1] as being due to a local symmetry that allows W (X) to be set to any desired function of X M . Although W is set to zero eventually in the dynamical equations (4.1-4.3), its first and second derivatives that are related to V M and G M N do not vanish (see e.g. the flat case in Eq. (3.8) ). Exercising the freedom in choosing some W (X) is one of the steps that defines the shadow in lower dimensions. The selection that leads to the conformal shadow will be described in the next section.
A. The underlying Sp(2, R)
In the previous section we showed that the kinematic equations have a geometrical significance. Now we emphasize that both the kinematic and dynamical equations are intimately related to the fundamental Sp(2, R) gauge symmetry that is at the root of 2T-physics. The significance of the kinematic equations is that they impose part of the gauge invariant physical state conditions under Sp(2, R) which is explained as follows. It was shown in [1] that the three generators Q ij of Sp(2, R) in the presence of gravity are given by the following three functions of phase space
These Q ij form the Sp(2, R) Lie algebra under Poisson brackets provided the fields property under Poisson brackets. These Q ij generate a local gauge symmetry on the worldline for a particle interacting with gravity, thus making its position and momentum
indistinguishable at every worldline instance [1] . In the quantum theory of such a particle, its physical states must be Sp(2, R) gauge invariant, and hence these Q ij must vanish on the first quantized wavefunctions. In position space the first quantized wavefunctions are the fields in 2T field theory. Therefore these fields must satisfy Q ij ∼ 0 after a proper quantum ordering of X, P, and replacing the momentum by a derivative P M = −i∂ M . The kinematic equations in (3.5,3.6,3.9) imposed by the action are the precise expressions of the vanishing of the generator One additional point of clarification about the role of the underlying Sp(2, R) , as reflected in the kinematics, is in order. The BRST field theory formulation in [23] is technically a fuller approach for imposing Sp(2, R) , but the extra baggage of the BRST formalism, in the form of ghosts and redundant gauge degrees of freedom, can be avoided by appreciating a few simple aspects related to Sp(2, R) as just outlined in the previous paragraph. A related point is that the underlying Sp(2, R) provides the key for the resolution of an ambiguity about the kinematic equations as derived from the action (2.1) and Table- 1. This ambiguity is avoided through the BRST approach, but is more easily resolved directly as follows. The variation of the action for each field yields a linear superposition of the delta function and its derivatives of the form Aδ (W ) + Bδ ′ (W ) + Cδ ′′ (W ) = 0. These imply three equations that are satisfied at W = 0, but there is ambiguity in identifying the proper forms of A, B, C that should vanish at W = 0. This is because these distributions satisfy W δ ′′ (W ) = −2δ ′ (W ) and W δ ′ (W ) = −δ (W ) . Therefore, if we add to B a term that is proportional to W, that term feeds into a term added to A. Similarly any terms proportional to W and W 2 in C feed into B and A respectively. In the BRST approach the ambiguities of adding such terms to B or C are just gauge degrees of freedom which in any case drop out automatically in the physical sector. When the BRST approach is short-circuited as explained in [2] , this ambiguity is resolved by recognizing that the B = C = 0 kinematic equations amount to demanding the closure of the underlying Sp(2, R) Lie algebra, as made clear by the Q ij in Eq.(4.14) for the corresponding worldline particle model [1] . This closure demands that the equations B = C = 0 must be valid for all W, not only W = 0, so that Sp(2, R) is defined and its Lie algebra is satisfied without restrictions on the phase space degrees of freedom. This is necessary for it to be a gauge symmetry of the particle model. The upshot is that the particle model can be used as a guide to identify the correct forms of B, C and then demand B = C = 0 not only at W = 0 but at all W, which means that if B, C are expanded in powers of W, the coefficient of each power of W should vanish. This is a shortcut to insure self consistency of all the equations of motion, including the dynamical equations, derived from the action (i.e. consistency of having first class constraints Q 11 , Q 12 , Q 22 , which then are set to zero). By satisfying Sp(2, R) in this way, the ambiguities in A, B, C are resolved at any W . This insures the validity of the underlying Sp(2, R) gauge symmetry, and turn the ambiguities into gauge freedom, consistent with the BRST approach [2] . Thus, the physical sector that is gauge invariant under Sp(2, R) , namely B = C = 0 at any W, and A| W =0 = 0, are the consistent field equations of motion.
Accordingly, it should be emphasized that the kinematic equations above (4.12,4.13), which are consistent with the particle model [1] , are to be solved at any W, not only at W = 0, while the dynamical equations (4.1-4.11) need to be satisfied only at W = 0. This is the procedure followed in the following sections to obtain the conformal shadow and its prolongation.
The same result is also obtained without using the guidance of the particle model discussed in the two previous paragraphs, but only using the gauge symmetry in the equations of motion Aδ (W ) + Bδ ′ (W ) + Cδ ′′ (W ) = 0 that follow from the 2T field theory action. To explain this gauge symmetry we will make a coordinate transformation, X M → (w, u, x µ ) , such that W (X) = w is one of the coordinates, as in the next section. Furthermore, to simplify the discussion we will concentrate only on a single scalar field, say the dilaton Ω (w, u, x µ ) , and suppress the coordinates u, x µ since they are irrelevant to the discussion. A similar discussion will hold for each field in the theory.
We want to show that the action has a gauge symmetry under the gauge transformation δ Λ Ω = Λ Ω (w, u, x) for off shell arbitrary Ω as well as off shell other fields. The variation of the action with respect to the field Ω takes the form
Of course, A Ω , B Ω , C Ω depend on w through Ω and other fields as well. Due to the delta functions we need to analyze the expansion of each term in powers of w and then do the integral over w.
Hence we have
Then the integral gives
It is possible to make δ Λ S = 0 with a choice of gauge parameters Λ 0 , Λ 1 , Λ 2 that are related to each other, when all the fields are off-shell. There are three local parameters but only one condition, hence two of the parameters among Λ 0 , Λ 1 , Λ 2 can be chosen arbitrarily such that the action is gauge invariant δ Λ S = 0 off-shell. This 2-parameter gauge symmetry is a remnant of the Sp(2, R) BRST gauge symmetry discussed in [23] . A similar local symmetry is valid separately for each field in any 2T-field theory. This was called the 2T-gauge symmetry in [2] .
Using this gauge symmetry we can choose arbitrarily the prolongations Ω 1 (u, x) and Ω 2 (u, x) in the expansion of Eq.(4.16). It is convenient to make the choice of Ω 1 , Ω 2 such that B 1 = C 2 and C 1 = 0. These gauge choices hold when all the fields are off-shell. Now we investigate the on-shell equations of motion which are obtained from the above procedure by taking δΩ 0 , δΩ 1 , δΩ 2 arbitrary and independent of each other. So the equations of motion for the on-shell Ω 0,1,2 are
In the gauge we have chosen they become A 0 = 0, B 0 = 0, B 1 = C 2 , C 0 = 0, C 1 = 0.
Now we investigate what C 2 is in more detail. It was shown in [1] that in the variation of the action with respect to every field the term Cδ ′′ (W ) is always of the form C ∼ G M N ∂ M W ∂ N W − 4W up to a field dependent proportionality factor. In the next section we show that in the coordinate system W (X) = w, this expression becomes zero automatically by constraining only the G ww component of the metric G M N (X) . Therefore, we automatically obtain C 2 = 0.
With this result for C 2 = 0 taken into account, we now see that, in our chosen gauge, the on-shell dynamics must satisfy
The coefficients of the higher powers of w in the expansion of A Ω (w) , B Ω (w) , C Ω (w) , such as A n≥1 , B n≥2 and C n≥3 are arbitrary because they never enter in the equations. So they could be chosen arbitrarily without any consequence for the dynamics of the fields Ω 0 , Ω 1 , Ω 2 which do appear in the equations. In particular, imposing B n≥2 = 0 and C n≥3 = 0 has no consequences for the field components Ω 0 , Ω 1 , Ω 2 since they only restrict Ω n≥3 . The latter are pure gauge freedom which never appear in the equations or even in the off-shell action. Similar statements apply to the other fields.
This is in agreement with the procedure we discussed above, of solving the equations Aδ (W )+ Bδ ′ (W ) + Cδ ′′ (W ) = 0 for all the fields by imposing A| W =0 while taking B = C = 0 at all W consistently with Sp(2, R) . As we have shown, this is the consequence of a gauge choice, consistent with the gauge symmetries of the action in Eq.(2.1), as well as with the Sp(2, R) gauge symmetry properties of the worldline formulation of particle dynamics in the presence of gravity.
V. GENERAL RELATIVITY AS A SHADOW WITH WEYL SYMMETRY
In this section we determine the shadow fields and their prolongations. For scalar fields Ω, S i (X) , these are defined by expanding the field in powers of W (X) , as done below. The zeroth order term is the shadow. The coefficients of all higher powers are Kaluza-Klein type degrees of freedom, which we call prolongations of the shadow. For fields that have spin indices, such as G M N (X) , R M N P Q (X) , the zeroth order term has components that point in two lower dimensions, such as g µν , R µνλσ , as well as components that point in the additional two dimensions. In traditional Kaluza-Klein terminology the extra components are additional KK degrees of freedom. In our case all such KK-type degrees of freedom, as well as the coefficients of the higher powers in W are called prolongations.
We will take advantage of gauge symmetries to eliminate some of the redundant gauge degrees of freedom to clearly identify the physical degrees of freedom recognized in 1T field theory in d dimensions. The result will be that the fields in d + 2 dimensions G M N (X) , Ω (X) , S i (X) will be reduced to the fields in d dimensions g µν (x) , φ (x) , s i (x) by a series of steps that involve gauge fixing as well as solving the kinematic equations. The prolongations of the shadows g µν (x) , φ (x) , s i (x) , from the "wall" x µ into the higher dimensional space X M , namely the full
, Ω (X) , S i (X) , will also be discussed. In this section the shadows and their prolongations will be allowed to be arbitrary fields in d dimensions, restricted only by the kinematic conditions, but in the following section, by using the dynamical equations of the full theory it will be shown that all prolongations become functions of only the shadow fields g µν (x) , φ (x) , s i (x). One of the goals in this section is to show that the accidental Weyl symmetry of Eq.(2.11) acting on g µν (x) , φ (x) , s i (x) in General Relativity in the shadow action (2.7) emerges from the local coordinate reparametrization symmetry in the higher spacetime X M . It will be clarified how a generalization of the Weyl symmetry acts also on the prolongations.
Among the local symmetries in 2T-gravity there are obviously general coordinate transformations and the local symmetry that allows arbitrary transformation of W [1] as emphasized above. Exercising the freedom of making gauge choices for these local symmetries defines the properties of the emergent spacetimes for the shadows in the lower dimensions.
To begin this process we parametrize the spacetime X M in terms of d+2 coordinates (w, u,
and define the tangent basis in base space ∂ M = (∂ w , ∂ u , ∂ µ ) relative to these coordinates. In this basis we use the general coordinate transformations to gauge fix d + 2 components of the metric,
Next we select W (w, u, x µ ) = w to be simply one of the coordinates, which immediately gives
ww which fixes another component of the metric. The result of these steps is then
∂ u , and the kinematic conditions for the scalars Ω, S i in (4.13) become 2w∂ w − 1 2
Ω (w, u, x µ ) = 0, and similarly for S i . Their general solution for any w is
where, except for the overall factors of e (d−2)u , the fields φ (x, we 4u ), s i (x, we 4u ) are general functions of the variables x µ and the combination we 4u .
Now we impose the kinematic equation
This is already satisfied for the fixed metric components G ww = 4w,
while it gives the following conditions on the remaining metric components
Their general solutions are
where, γ µ andg µν are general functions of x µ and we 4u .
We see that the solution to the kinematic conditions are given in terms of functions of fewer than d + 2 variables. We find that there are remaining coordinate transformation symmetries in d+1 variables that can remove the γ µ (x, we 4u ) , thus reducing further the degrees of freedom. To explain this we first examine the coordinate transformations that maintain the restricted form of G M N that emerged above. The infinitesimal general coordinate transformation of the scalars W, Ω, S i and the metric G M N are
The remaining symmetry should not change the form of W = w and the fixed metric components G ww , G wu , G wµ , G uu given above. This requirement is satisfied by the following form of infinitesimal coordinate transformations ε M (X)
In what follows we will show that ε µ (x, we 4u ) at w = 0 will be related to coordinate transformations in the d dimensional shadow, while Λ (x, we 4u ) at w = 0, which comes from coordinate transformations of u, will be related to local scale transformations in the d dimensional shadow.
The coordinate transformations of (u, x µ ) with parameters Λ (x, we 4u ) , ε µ (x, we 4u ) give non-
We focus on δ ε Ω and δ ε G µu which follow from (5.7,5.8)
Evidently there is enough gauge freedom in Λ (x, we 4u ) to gauge fix Ω = e (d−2)u φ (x, we 4u ) completely to any desired form as a function of (x, we 4u ). We will take advantage of this freedom
Similarly, there is enough gauge freedom in ε µ (x, we 4u ) to gauge fix G µu = e 4u γ µ (x, we 4u ) = 0.
Then the gauge fixed form of G M N for any w becomes
(5.12)
The metric with lower indices is then
(5.13)
We may now ask if there is any more remaining symmetry that does not change the gauge fixed forms of G M N ? For keeping the form of G M N we need δ ε G µu = 0 for the expressions in Eq.(5.11)
after setting G µu = 0. This is satisfied by parameters that obey the condition
with an arbitrary Λ (x, we 4u ) . To analyze further the meaning of the remaining symmetry we expand in powers of w
The remaining symmetry has as independent parameters only the lowest component ε µ 0 (x) ,and all Λ (x, we 4u )
where g µν , g Another gauge of interest is to fix Ω such that Ω 2 − aS
, is independent of w, where φ (x) , s i (x) are the shadows defined by the expansions in Eqs.(5.20,5.21), and again the x dependence can be further gauge fixed to a constant. This is similar to Eq.(2.12), but includes the u, w dependence, thus providing the prolongation of the shadow for Eq.(2.12). The expansion in powers of w in the second gauge gives the details of how the prolongations are gauge fixed, namely φφ 1 − as i s 1i = 0 and φφ 2 − as i s 2i + φ The remaining gauge parameters Λ n≥1 (x) are generalizations of the Weyl symmetry Λ 0 (x) . They can be used to make convenient gauge choices 9 .
The transformation of the scalars in (5.3) and metric components in (5.13) under the remaining symmetry (5.14,5.15) can be extracted from the general coordinate transformation rules (5.7,5.8) in the form δφ x, we 4u = Λ x, we 4u (4w∂ w + d − 2) + ε µ x, we 4u ∂ µ φ x, we 4u , (5.17) 18) δg µν x, we 4u = Λ x, we 4u (4w∂ w − 4)g µν x, we 4u + £ εgµν x, we 4u .
(5. 19) where £ εg µν (x, we 4u ) is the Lie derivative using the vector ε µ (x, we 4u ) . After inserting in these expressions the field configurations (5.3-5.13) and the form of the remaining parameters (5.14,5.15), the result can be expanded in powers of w to extract term by term the transformation properties of the shadows in x µ and their prolongations into the u and w dimensions.
To do this we expand every field in powers of w to define the shadow fields in d dimensions φ (x) , s i (x) , g µν (x) as the zeroth order terms, while their prolongations φ n (x) , s ni (x) , g nµν (x) are defined as the coefficients of the higher powers of we 4u as follows
Similarly we have for the metric
For the determinant we get
The inverse metric is also computed in terms of g µν , g 1µν , g 2µν , · · · as
Here the upper indices on g 
25)
(5.27)
In these expressions it is clear that Λ 0 (x) is the infinitesimal parameter of the Weyl transformations, which is seen by comparing to Eq.(2.11) and setting Λ 0 (x) = −λ (x) /2. This shows that the local scale symmetry in 1T field theory comes from the coordinate reparametrization symmetry δu = [Λ (x, we 4u )] w=0 of the 2T field theory. This was one of the points we wanted to prove in this section.
The higher powers in w of Eqs.(5. 17-5.19) give the nontrivial transformation rules for the prolongations under coordinate, Weyl and generalized Weyl transformations ε
and similarly for δs ni . Evidently the terms containing Λ 0 (x) and ε µ 0 are the local scale transformations and local coordinate transformations on these fields. Recall that ε µ n≥1 are functions of the Λ n as given in (5.16). Similarly, for the metric prolongations we get the following transformation laws under the coordinate, Weyl and generalized Weyl transformations
VI. RIEMANN AND LORENTZ CURVATURES
We are now ready to use the gauge fixed metric in Eqs.(5.12,5.13,5.22,5.24) to compute the curvatures at any w. For the Christoffel connection Γ
we obtain 
Even though w is set to zero eventually, one must first take derivatives of Γ P M N with respect to w in computing various components of the curvature R M N P Q (G) . Therefore w dependent terms in Γ P M N (i.e. prolongations of its shadow) will contribute to the curvature in zeroth order in powers of w because of derivatives with respect to w.
To calculate the Riemann tensor R
recall that the zero torsion condition imposes the following kinematical constraint (3.23) on the curvature
With the gauge choice of Eq.(5.2) these conditions become
From the form of the gauge fixed metric in Eq.(5.12) we also obtain
From these it is easy to see consequences such as
Using the antisymmetry and cyclic properties in (3.23), these kinematic relations explain many of the results in the following lists for the Riemann tensor computed by using the Christoffel connection in (6.1,6.2) at any w R w M P N = 0, (6.9) (6.10) where the covariant derivative ∇ µ is with respect to the metric g µν (x) . The curvatures on the first column are either identically zero or vanish when w = 0, while those in the second column R 
(6.11)
At w = 0 the nonvanishing components of R QP M N with all lower indices are R wµwν , R µνλw , R µνλσ w → 0 :
In the last expression it should be noted that R λ ρµν (G) differs from R λ ρµν (g), the latter being the standard Riemann tensor constructed from the metric g µν . The difference is accounted by the contributions of the prolongations of the metric which contribute to R λ ρµν (G) even when w = 0. We can now compute the Ricci tensor
Hence R uw , R uν are related to R ww , R wν respectively by a factor of 4w while R uu = (4w) 2 R ww , hence we have
The trace notation T r means that indices are contracted by using the lowest mode g µν . The "+ · · · " indicates that there are additional higher order terms in powers of w that are not of interest in our analysis. For w = 0 only R ww , R wµ and R µν have non-vanishing contributions while the other components of R M N vanish. In the last expression we see that R µν (G) differs from R µν (g) which is the standard Ricci tensor constructed from the metric g µν .
Finally the Ricci scalar, R
Again in the last expression R (G) differs from R (g) which is the standard curvature scalar.
As seen explicitly in all the expressions above, the prolongations of the shadow of the metric, namely g 1µν , g 2µν contribute non-trivially to the prolongations of the curvatures. Even when w = 0, there are non-vanishing curvature components, such as R λ wµw , R λ wµν , R λ ρµw , R λ ρµν that point not only in the x µ directions but also in the w, u directions. The notation, R λ ρµν (G) , R µν (G) , R (G) is used to distinguish them from R λ ρµν (g) , R µν (g) , R (g) where the latter depend only the lowest mode g µν (x) while the former depend on G µν including the higher modes g 1µν , g 2µν . We will see however, that after taking into account the dynamical equations of motion, all extra curvature pieces get determined only in terms of the shadow fields g µν (x) , φ (x) , s i (x) , while the dynamics of these lowest modes interacting with R λ ρµν (g) , R µν (g) , R (g) will be given by standard General Relativity (with the Weyl symmetry) as determined self consistently only by the shadow action in Eq.(2.7). We take the following form of the gauge fixed vielbein that satisfies 
Explicitly these are 22) and have the dot product V a V a = w.
The spin connection is constructed by using the standard relation ω 
where R ρ νwµ (G) and R ρ σµν (G) are given in Eq.(6.12). These are the curvatures at any w which include all the prolongations of the shadow into the higher dimensions. When w = 0, the nonzero terms are just R
µν while all others vanish. It should be noted that even at w = 0 there are non-trivial components of curvature pointing in the w direction in base space and in the + ′ direction in tangent space. This is part of the information about the prolongation of the shadow. In the next section it will be shown that, after taking the dynamical equations into account, only the shadow fields e i µ (x) , together with matter fields such as φ (x) , s i (x) , determine all curvature components including the prolongations, while the shadow fields satisfy among themselves the familiar General Relativity equations (with a Weyl symmetry) which follows self consistently from the 1T-physics shadow action in Eq.(2.7).
VII. DYNAMICS OF SHADOWS & PROLONGATIONS
Having chosen gauges and solved the kinematic equations in the previous sections, we are now ready to discuss the matching of geometry to matter through the dynamical equations derived in section (IV) from the 2T-gravity action (2.1) and Table- 
where S M N was obtained in Eq.(4.11)
2) 10 We have neglected gauge fields and spinor fields to keep our analysis simple. The same general conclusions about the shadows are obtained if all of the fields described in Note that these 2T-gravity equations are imposed only at w = 0, unlike the kinematic equations that were solved at all w (see explanation in section IV). We want to compare these equations in (d + 2) dimensions to the equations of motion of General Relativity in d dimensions
that follow directly from varying the conformal shadow action (2.7) and using (2.8,2.9).
In comparing the original and the shadow equations, we note that we lose two dimensions not only in the spacetime X M → x µ but also in the components of the metric G M N (X) → g µν (x), and similarly for curvature, gauge fields, spinors, etc.. Recall also that R µν (G) , R (G) are different than the R µν (g) , R (g) that appear in (7.3), as seen in Eqs.(6.12-4.8). The differences depend on the prolongations of the metric and the scalars given in Eqs.(5.20-5.24). Moreover, additional components of the tensor R M N (G) are restricted by the original equations (7.1). So, going from (7.1) to (7.3) is not a naive dimensional reduction. The questions we need to investigate include the following.
(i) We recall that the conformal shadow action (2.7) was derived in [1] from the 2T-gravity action (2.1) by inserting directly the solution of the kinematic equations and the gauge fixing discussed above. Can the shadow equations (7.3) be derived from the original equations of motion (7.1) rather than from varying the shadow action? Sometimes these two procedures do not agree, so it is important to verify that they give the same result.
(ii) More importantly, are the prolongations additional Kaluza-Klein type degrees of freedom? What is the dynamics of the prolongations of the metric G M N , curvature R P QM N (G), and scalars Ω, S i , that survived the gauge fixing and kinematic constraints of the previous sections, and do their dynamics restrict the dynamics of the shadow fields (φ, s i , g µν ) beyond the equations of motion in (7.3)? If additional restrictions on (φ, s i , g µν ) arise it would imply that the shadow action (2.7) misses information that influences the shadow fields.
As explained below, the answers are that there are non-trivial prolongations of the metric, curvature and the scalars, which are however determined only by the shadows (φ, s i , g µν ). Meanwhile, the shadows themselves are determined self consistently precisely as dictated by the shadow action (2.7) which yielded the General Relativity equations (7.3).
To investigate these questions we insert the expansions in powers of w for the fields (5.20-5.24) and for the curvatures (6.15,4.8) into the original equations (7.1). The derivatives ∂ w , ∂ u in the scalar equations give no new information at w = 0 because such terms combine to expressions that are proportional to the kinematic conditions, which are already satisfied for the scalars. This is a non-trivial result that is true in curved space only for the special value of a = (d − 2) /8 (d − 1) . Hence, for the scalar equations, even though the prolongations φ 1 , φ 2 , s 1i , s 2i ,etc. are non-zero, we obtain directly the naive reduction of the d + 2 dimensional equations to d dimensions, in agreement with the shadow equations (7.3). The prolongations of the scalars φ 1 , φ 2 , s 1i , s 2i ,etc. are not fixed by the scalar equations in (7.1).
Turning to the curvature equation, R M N = S M N at w = 0, we begin by computing [S µν (Ω, S i )] w=0 from (7.2) as follows [S µν (Ω, S i )] w=0 = 1 (φ 2 − as .
(7.8)
In fact, this relation is exactly correct and can be derived directly from Eq.(4.7), which was obtained as a consequence of the original equations of 2T-gravity (4.1-4.3).
We have thus shown that all the shadow equations (7.3) derived directly from the shadow action (2.7) are in exact agreement with solving directly the original equations of motion (7.1) in d + 2 dimensions. This answers the concerns raised above in item (i).
There remains to examine the rest of the original equations of motion (7.1) R M N = S M N at w = 0, to determine whether any additional constraints emerge on the shadow fields or their prolongations. On the geometry side we see from (6.14) that [R uw = R uu = R uµ ] w=0 = 0, and also on the matter side we find [S uw = S uu = S uµ ] w=0 = 0 for the special value of a = (d − 1) /8 (d − 2) . Therefore the corresponding equations are identically satisfied without any conditions on the shadows or the prolongations. Proceeding further, from the remaining two cases [R ww (G) − S ww (Ω, S i )] w=0 = 0 and [R wµ (G) − S wµ (Ω, S i )] w=0 = 0, we get non-trivial equations that restrict the prolongations T r (g 1 g 1 − 2g 2 ) = 8 φ 2 − as From the first of these we may solve algebraically for T r (g 2 ) , and consider the second equation, along with (7.8), as equations of motion that restrict g ρ 1µ . To show that there are solutions to the three prolongation equations (7.8-7.10), we provide an example with the following special form, which of course is not the general case, 
12) where c is an arbitrary constant. Hence the prolongations are determined by the shadow fields, however one combination of B 2 , A 2 remains arbitrary.
Thus, we find that there are not sufficient equations to determine all of the degrees of freedom g ν 1µ , g ν 2µ , φ 1 , φ 2 , s 1i , s 2i that participated in the dynamics at w = 0. This is a sign that there are gauge symmetries, so what cannot be determined by the equations of motion must be a gauge degree of freedom, at least on-shell. We did identify an off-shell gauge symmetry, namely the Λ n (x) in Eqs.(5.28-5.31) which is sufficient to explain why one function is gauge freedom in the example above, but the evidence is that there is more gauge freedom. In fact more gauge symmetry should be expected as in flat 2T-field theory [2] , where in the expansion in powers of w of matter fields each coefficient except the zeroth order (i.e. each prolongation) is a gauge degree of freedom. In flat 2T field theory the prolongations decoupled completely from the shadow fields in flat space [2] consistent with being gauge freedom. However, what we have learned in this paper is that there also some that, rather than being gauge freedom, are actually determined by the shadow fields via the geometry in curved space g ν 1µ , g ν 2µ as seen in equations (7.8-7.10 ). In any case, an outcome of our analysis is that there are non-trivial prolongations which are determined by the shadow fields φ, s i , g µν up to gauge freedom. However, the shadow fields themselves φ, s i , g µν are determined self consistently by the action (2.7) only within the shadow, as in Eqs. (7. 3), independently of the prolongations.
VIII. CONCLUDING COMMENTS
The decoupling of the dynamics of the shadow proven in the previous section is significant because it shows that General Relativity in d dimensions, augmented with the Weyl symmetry, as expressed by the action (2.7), is the prediction of 2T-gravity for observers asking questions only in d dimensions. Establishing this effective action principle, by analyzing the equations of motion in detail as we did above, was one of the aims of our analysis.
This shows that the full physical (gauge invariant) information in (d + 2) dimensions is captured by the conformal shadow, so this is a "holographic" shadow. Turning this around, we can also claim that usual General Relativity in d dimensions, augmented with the Weyl symmetry, is described directly in d + 2 dimensions in the form of 2T-gravity.
We have shown quite generally that the Weyl symmetry in 1T field theory is directly related to higher spacetime general coordinate transformations that include an extra time dimension. Therefore local Weyl symmetry is a strong footprint of 2T-physics. Just like other gauge symmetries, there are observable effects of the structure that this symmetry imposes on interactions.
As we have shown, as a consequence of 2T-gravity, the graviton and the scalars must satisfy certain structures in 1T field theory. Dirac and Yang-Mills fields can be included in a straightforward way except for inserting the dilaton factors of φ Table-1) . With these dilaton factors the crucial Weyl symmetry is intact in every dimension d. These are some of the footprints of 2T-gravity.
Some of the consequences of the emergent structures imposed by 2T-gravity were outlined in the introduction and section (II). Investigations of physical effects in the context of cosmology and LHC physics are currently in progress and will appear in future publications [21] .
